


























































































Control Systems nbartzsch

2Recital 04.10.24

Recap
Modeling

WewanttoLearnhowtomathematicallyrepresentdynamicsystems Allsystemsthatwewantto
describe canbe representedbydifferentialequationsWewillgenerally usethisstandardform

todescribedynamicsystems

xtfxt.at

ytzxt.at

It is a systemof1ˢotrderODESlasseenin LinAlgII Thisis calledthestatespaceform
sincewe are observinghowthestatevector changes

ThevectorX Iii containsallstatevariablesofthesystemThestatesdescribehowasystem
changesinternallyovertime It canbethoughtof as amemory containing a summaryofhowthe

systembehavedinthepastGiventheinternalstatesandthecurrent input we canuniquley

predictanyfuturebehavior

BlockDiagrams

Blockdiagramsare an effectivewaytovisuallyshowhowdifferentsystems are connected

It isthestandardwaytoillustratetheinterconnection ofdifferentsystemsandcontrolarchitectures

Thesimplestexample is
u J

Here mapsaninput u to anoutputy Wecanwritethat

Y u





























































































We canalsolookat a simple feedbackloopwith being a scalargainmeaning

y e with 2

u e y
Y u

Ifwe nowchoose tobe 1 theoutput ywillgotoinfinity independent ofu
Thatmeansthatwehavetobecarefulwhenusingfeedbackelseoursystemmightbecome

unstable i e y

Remembercourseobjectives

Er Modeling representrealworldsystemswithmathematicalequations

Analysis
küssengivensystem

behaveshowtheinputaffectstheoutputhowfeedback

Synthesis Changethesystem sothatitbehavesinadesirableway

SystemClassification

NowweknowhowtodescribephysicalsystemswithequationsWiththatwecanalsoclassifythemin

differentwaysThisclassificationisimportantforus since we willonlyconsideronespecifictype

ofsysteminthisclass Socalled lineartimeinvariant or LTIsystems

Butgenerally weclassifySystem inthesecategories

LinearvsNonlinear

CausalvsNoncausal

StaticmemorylessvsDynamic

TimeinvariantvsTimevarying





























































































Linearity

Forasystemto belineartwoconditionshavetobefulfilled

Additivity u u u 2

Homogeneity ku k u kER

Differentiationandintegration arelinearoperations

Wecansummarizebothto

au Pu α u β u ay BY α PER

U J U J

au 9 Bu BY

ThisimpliestheideaofsuperpositionThatmeansthatwhenasystemislinear we can

Breakdown complicated inputsignalsintosimplercomponents
u u U2
Computetheoutputforeachsimpleinputseperatley
Y 41 Y U2

Sumallofthesimpleoutputstogether toobtaintheresponsetothecomplicated input
Y V1V2

Examples

Linear
X t tat

at hat Mut
nogravity yt tat

Nonlinear

g
t tat

at mir 1mgsind t chat Icosx tut

yt ttrösten





























































































Linearvs Nonlinear

Linear Nonlinear

1 Yt tut 1
2 Yt sinu t

Causality ifandonlyif

Asystemissaidtobecausal iff thefutureinputdoesnotaffectthepresentoutputAllpractically
realizablesystems are causal Otherwise youcouldpredictthefuture

CausalNoncausal

Yt at a a 0

ytutt.TO

Yt cos 3 1 u t 1

StaticvsDynamic

Aninputoutputsystem is staticormemoryless if forall t.pt isonlyafunctionofu t
Inotherwordsthepresentoutputdependsonlyonthepresentinputandnotonpastorfutureinputs

SystemsdescribedbyODES are alwaysdynamic Staticsystems areusuallydescribedbyalgebraic

equationsYoucanthinkofsystemsfromMech as staticandthosefromMech as dynamic

Static Dynamic

Yt 2 tut

yt tut di
yt ist





























































































Timeinvariantvs Timevarying

Atimeinvariantsystemwillalwayshavethesameoutputtoacertaininput independentofwhentheinputisapplied

Formallythismeansthatwecanshifttheinputintimeandtheoutputwillalsobeshifted

u y

w m
t t

u y

t

Variant Invariant

yt ut ut 2

yt cost u t

Butwhatkindofsystemsdowecareabout

Linear

Timeinvariant

gagggm.g.ge
qq.gqgg.ge

gegen
manysystemscanbewellapproximatedbyLTI5150systems

OnecharacteristicofLTIsystems isthatwecanwritethestatespacemodelintheform

x t x t 3kt

yt Cxt Jut

where 3 Cand areconstantmatricesorvectorsOneexampleofsuchsystemisthe

massspringsystemfrombeforeThestatespaceformcanbe rewritteninmatrixform





























































































X t hat t

x

t
ut

at Ex t Mut ho tat

Yt tat
0

t

Rat
Inthisexample 3 Cand are definedas follows

1 3 01 0

Thevector Ein isthestateofthesystem Itcontainstheinformationneededtogether

withthecurrentinput touniquelypredictfutureoutputs

Thedimensionnofthestatevector isequaltothedimensionofthesystemThechoiceofa

systemsstateisnotuniqueEverydifferentchoiceofstatesiscalledrealization thereare infinitleymany

realizations If wechoose a realizationwiththesmallestpossiblestatevector it iscalledminimal

realization Astaticsystemhas a zero dimensionalstatevector

Let'slookattheotherexamplefrombeforetheSwing

X t t

Rat mir 1mgsind t chat Icosx tut

yt t

Howdowe writethisinthematrixform i e whatare 3 Cand

X t X t
ut

at at

yt
t

at
Thesystemis nonlinearThereforewecan'tdirectlywriteit intheformof a LTIsystemBut

we canmodifythesystemandapproximate it as a LTIsystem Wewilldothis a lotsincemost

systemsarenotLTI


























































































Linearization

WhenLinearizingwetakesomefinitedimensional timeinvariant causalnonlinearsystemandapproximate

it as a LTIsystemThisapproximationworksverywellandlet'sus use controlsystems designedforLTI

systems evenonnonlinearsystems

Themainideaistopick anequilibriumpointofthesystemandthenmakea linearapproximationaroundthat

equilibriumpoint For a systemmodeledwith ODES X t t x t.at we candefine

an equilibriumpoint e Ue tobe at

f Reihe 0

Let'sfindsomeequilibriumpointsoftheSwingexample Wewilllookat equilibriawhere he 0
Intuiterleywherewouldthosebe

Let'stakeacloserlook

Ue 0 f Xe 0 0

tat tat

Rat mir 1mgsind t chat Icosx tut

yt t

X t O X or X

SoforUe 0 therearetwoequilibriumpoints

Xe Ke

Xe he

Thisalsoalignswithexpectationssincethefirsteq.isjustpointingdownandthesecondis pointing

verticallyup

Inordertolinearize arround anequilibriumwe use the JacobianlinearizationprocedureWherewe

do aTaylorseriesexpansionarround eUe ofthenonlinearsystem'sdynamicThe
linearizedLTIsystemmatracies arethengivenby



Ota 3 Ei an
L 8 b 8

xe.ae
c2 2

ii äh 8
c 08 u L an

äh äh
u

äh Ein
xe.ae

c2 2PM

Graphicallyyoucanthinkofthis approachasfollows

LinearapproxarroundXe

Xe nonlinearsystem

LetstryitonourSwingexample

X t tat

tat mir 1mgsind t chat Icosx tut

yt t

withequilibriumpointsat Xe 0.0 Ue 0

Xe I 0 Ue 0

Computing

8 xe.ae

09 at a at
02mir imgsinx.toaticosxtutgLmizimgsinxtcxaticosxtut

eine



Ifwedothesamefor3 Cand we get

3
mi

c 10 0

Important welinearizedthesystemarround Xe 0.0 he 0 Ifwelinearizenearthe

otherequilibriumpoint Xe I 0 he 0 wewillgetadifferentstatespace representation

O 1
3

i mi ni
C 10 0

ThisLTIapproximationworkswellif westayclosetotheequilibriumpointBychoosingthe

rightcontrollerwe canalsoensureitworkswellwitherealnonlinear system


